Several rst and second order nite di erence methods for incompressible ow based on prescribed forms of the discrete gradient and divergence operators are considered. Expansions for the spatial error for these methods are presented. So-called alternating expansions and numerical boundary layers are required to describe the errors arising from schemes with decoupled pressure approximations and regularizing terms, respectively. Alternating expansions in the discrete projection operator can be ampli ed by the viscous term and lead to a reduction in the accuracy of the computed pressure. These error expansions can be combined with simple stability estimates to show the convergence of the discrete solutions to the nonlinear time-dependent and steady problems when a discrete adjoint condition is satis ed. However, the analysis here does not consider the split-step nature of projection methods. Convergence order predictions are veri ed in a careful numerical study.
Introduction
We consider the semi-discretization in space, or method of lines approximation, of the time-dependent, incompressible Navier-Stokes Equations. The class of methods we consider are derived by assuming a form for the discrete gradient and discrete divergence operators and calculating the pressure to ensure the velocity remains discrete divergence free. Spatial discretizations that t in this class include the Marker-and-Cell (MAC) grid 12] and the regular grid discretization proposed by Chorin 4] . In early analysis of these methods in 4, 18] the solution of the discrete problem was compared to a perturbation of the exact solution that satis ed the discrete divergence-free condition to high order. This idea was combined with the asymptotic error analysis of Strang 20] by the author and Tom Hou 15] . In this work it was shown that perturbations of the exact solution could be constructed to satisfy the discrete divergence free condition and the discrete momentum equations to arbitrarily high order accuracy assuming the solution was sufciently smooth. This analysis was used with simple discrete energy estimates to show the convergence of the MAC scheme. The accuracy of the scheme was second order in velocity and pressure and could easily be deduced by the order at which the perturbation expansion began. In this paper, we apply this same basic approach to other nite di erence methods in our class to determine their accuracy.
We wish to undo some confusion from the use of the word \projection" in our previous analysis for the MAC grid 15] . For the semi-discrete version of this method, the action of the discrete pressure is an orthogonal projection of the discrete acceleration onto the space of discrete divergence free vectors. However, our earlier analysis and that presented here is for the spatial discretization only. It does not deal with the additional delicate structure arising from split-step pressure projection methods such as that originally proposed by Chorin 4] and improved by many others (see 10] for a survey of methods). The analysis of the split-step structure has been done recently by E and Liu in a sequence of papers beginning with 10] for the space continuous case and the MAC spatial discretization.
In this work, the asymptotic character of the error for several methods in our class is presented. For regular grid methods where the discrete equations for the pressure are uncoupled away from boundaries, the error expansions involve terms which alternate in sign between adjacent grid points. If a regularization method is used, such as that proposed by Strikwerde 21] , then the pressure error involves a numerical boundary layer. A description of standard or \regular" error expansions as presented by Strang 20] , of numerical boundary layers as presented by Michelson 16] and of alternating error expansions is given for a simple model problem in Section 3.
For a given method, we derive the form of the expansion for the discrete projection operator involving a mix of the type of terms described above. When alternating terms are present in this expansion, they are ampli ed through the discrete viscous terms and can cause a reduction in the order of accuracy, although only for the pressure in the schemes considered here. A careful analysis of the alternating errors at di erent levels gives a complete description of the error expansion for the velocity and pressure and so the order of convergence the method. The predictions of the theory are veri ed in careful numerical computations. In certain cases, where the divergence and gradient operators are adjoint in some inner product (such as the MAC discretization) the existence of error expansions can be combined with stability estimates to show convergence to smooth solutions as in 15] . At t = 0 the smoothness of the solution and the error expansion can break down. We examine in detail the spatial error at t = 0 and observe a discrete smoothing property in all methods considered for t > 0.
In the section below we present formally the class of methods we are considering followed by the description of the di erent types of error expansions arising from a model problem. In Section 4, we brie y review the MAC analysis from 15] in a slightly cleaner form that we will use as a model for the other methods. We also present the analysis for the corresponding time-independent problem. In Section 5 we turn to regular grid methods. We examine Chorin's discretization and a \ rst order" version proposed by Anderson 1] . For both of these schemes, second order accurate velocities are obtained but a reduction in pressure accuracy results as discussed above. First order methods based on one-sided di erencing are also considered. In Section 6 semi-staggered grids are considered. Here, the discrete equations are decoupled but a careful analysis shows that no alternating modes are present. In Section 7 we consider a fully centered scheme with alternating modes. Finally, in Section 8 we consider a regularization method in which numerical boundary layers are present. We identify the order at which these boundary layers enter for pressure and velocity.
2 Navier-Stokes equations and nite di erence discretizations
The continuous equations
We consider uid ow in a simpli ed domain: a two-dimensional (2D) 0; 1] 0; 1] channel with xed walls on the top and bottom boundaries and periodic in the horizontal direction. With this simple rectangular domain and later compatibility assumptions on the initial data and restrictions on the discretization of the convection terms, a rigorous convergence theory can be developed for many members of the class of nite di erence approximations discussed below. While these restrictions are not generally valid for practical computations, the theory presented here provides insight into phenomena that are observed in the practical setting. All of the results discussed here extend easily to 3D and to nonhomogeneous boundary conditions with a little extra work (see 1, 15] ). The incompressible Navier-Stokes equations are given below u t = ?u ru + u ? rp (1) r u = 0
where u = (u; v) are the velocities, p is the pressure and is the kinematic viscosity. Initial data u 0 is given and it is assumed that r u 0 = 0. The pressure p is chosen exactly so that the right hand side of (1) is projected orthogonally (in the sense of L 2 functions) onto the space of divergence free elds that satisfy homogeneous normal boundary conditions (see Chorin and Marsden 5] ). We write this nonlocal projection process with the projection operator P: u t = P(?u ru + u):
For clarity, we write out the projection process for arbitrary smooth vector elds a using q to denote the gradient term for the generic projection: Pa = a ? rq (4) where q solves q = r a (5) @q @n = n a (6) Z q = 0:
Here, n is the boundary normal direction. Equation (5) together with boundary conditions (6) form a solvable Neumann problem for q. The condition (7) xes the choice of the arbitrary constant for q. Other modi ed projection operators must be de ned in the sections below to handle the analysis of some schemes. Solutions of the Navier-Stokes equations satisfy boundary conditions on both components of velocity, but the projection process in (3) guarantees explicitly only the normal velocity condition for Pa. For smooth solutions of the equations the forcing terms a in the equations are compatible (for t > 0, see 14]) and Pa satis es both both boundary conditions so @p @ = a (8) where is the tangential direction at the boundary. Loss of compatibility at t = 0 leads to a reduction in convergence order for the pressure at t = 0 for some schemes.
The discrete equations and some interesting questions
We consider a certain class of nite di erence approximations of the incompressible Navier-Stokes equations. In this class, equation (5) and boundary conditions (6) are not approximated directly (the so-called Pressure-Poisson approach where modi ed versions of (5) and (6) are typically used). Rather, a discrete divergence D h and discrete gradient G h are de ned. We assume D h U(0) = 0 (this can be accomplished by a \projection" of the initial data on to the correct subspace as de ned below) where U(t) is the vector of discrete velocities (recall that we consider time-continuous or method of lines discretizations). We approximate (1) with _ U = A(U) ? G h P (9) where the dot denotes time derivatives and A represents a second order centered discretization of the convection and di usion terms. To keep the discrete divergence free
The term D h G h is a discretization (often nonstandard) of the Laplacian with odd stencils near the boundary (coming from an application of the \reduced" divergence operator 1]). These missing stencils actually correspond to a discretization of the pressure boundary conditions 11, 15] . Since P is determined nonlocally from the discrete term A through (10), we summarize (9) as
We consider the operator P h as an approximation of the continuous projection P, although P h is only a projection operator when D h and G h are adjoint.
Several interesting questions present themselves to the numerical analyst at this point:
1. The matrix D h G h has one or more null vectors. Is the problem (10) solvable?
2. Is the discrete process described by (11) stable?
3. What is the resulting order of accuracy for U and P?
We address these questions for a number of discretizations in the sections that follow. We summarize our approach and some of the relevant literature below.
Question 1 above is easy to address when D h and G h are (negative) adjoint and the velocity boundary conditions are homogeneous. When this is not the case, the solvability question becomes more di cult. Anderson 1] considers the the solvability conditions for the discrete pressure equations for three types of grids including the e ects of non-homogeneous boundary conditions for velocity. Strikwerde 21 ] discusses a simple technique to modify the discrete problem so that it is always solvable. A discussion of this technique is given in Section 8 below.
Question 2 is also easy to address when D h and G h are adjoint: the projection is trivially stable in this case. In other cases, there is no general stability theory. A new analysis is done in 13] which identi es the accuracy and some stability properties of a certain class of discretization. This can hopefully be extended to other methods. We identify the methods described below that satisfy an adjoint condition. We do not analyze the stability of the other methods. The nal question, that of accuracy, is the principle concern of this paper. In fact, we present precise asymptotic descriptions of the error which are necessary to fully explain some of the phenomenon observed. The asymptotic error expansions come in three types: regular, alternating and numerical boundary layer expansions. We present these three phenomena in a model problem in the next section.
An additional interesting question that is not addressed in this work is how to solve (10) e ciently. Note that the problem structure is the same for projection steps in a split-step projection method. This has also had considerable attention. Modifying existing fast Poisson problems to handle the discrete problem (10) was considered in 2]. Multigrid methods that respect the decoupling of the grids were developed in 7] . By using a periodic geometry, we guarantee fast solvers for all types of grids, enabling us to concentrate on the other questions.
As a nal comment, we note that not all nite di erence methods for approximating incompressible ow fall in to our class of methods. A stable pressure poisson method has recently been proposed 3] that allows for standard multi-grid solution methods. The fourth order methods in 13] involve a direct approximation of (5) using the incompressibility condition at boundaries.
Three types of error expansion
We show three asymptotic error behaviors for nite di erence methods applied to a simple 1D problem for p(x) with x 2 0; 1):
(12) dp dx (0) = a ( 
13) lim
x!1 p(x) = 0: (14) This is a 1D model of the pressure poisson problem (5), (6) where the term ?p is added in (12) so we do not have to worry about the arbitrary constant.
Typical discretization -regular expansion
We discretize our model problem above on a regular grid with spacing h using P j to approximate p(jh). The equation (12) 
where p (2) is a smooth function independent of h. To show the existence of p (2) , simply insert the form (17) into the discrete equations (15), (16) , expand di erences in Taylor series and equate terms of equal order in h. At zero order, we recover the continuous equations, showing the scheme is consistent as expected. At order h 2 we have relationships that can be considered as a well-posed problem for p (2) : d Provided the original p is su ciently smooth, p (2) exists and is smooth. It should be noted that one does not ever need to calculate p (2) . It is enough to show that the discrete solution has the error expansion (17) .
In principle, additional terms in (17) can be added to further re ne the asymptotic character of the approximation. In what follows, we will explicitly consider only the dominant error term of each type. This particular type of error term we will call regular. Terms of this type typically arise for standard width di erence stencils. In what follows, the pressure has a regular expansion for discretizations based on the MAC grid and the method based on rst order one-sided D h and G h .
In order to more easily present the next type of error, we consider here another scheme that has a regular error expansion. We can build a scheme on a staggered grid with discrete values P j?1=2 with the same interior discretization as above. Here we can use a second order, short, centered approximation for the boundary condition: D + P ?1=2 = a (18) where D + denotes forward di erencing. This scheme will also have a regular expansion of the form (17) . However, the term p (2) will be globally di erent than the one for the regular grid above since the second order errors in (18) and (16) di er by a factor of 4, so the boundary conditions for p (2) will be di erent.
Uncoupled discretization -alternating expansion
We now consider a discretization based on a wide second order stencil: D 2h 2 P j ? P j = 0: (19) Note that the di erence stencil decouples even and odd grid points. This is typical for pressure discretizations on a regular grid where D h and G h are taken to be centered di erencing in the interior. This is discussed in Section 5. We need two numerical boundary conditions for (19) and we choose the second order conditions D h 1 P 0 = a (20) D 2h 1 P 0 = a: (21) These two conditions respect the decoupling between the even and odd grid points, although that is not necessary to obtain the type of phenomena below. A careful examination of this discretization shows that the even grid solution is exactly the short stencil regular grid approximation of the previous section with grid spacing 2h instead of h. Therefore the even grid solutions will have a regular error expansion p + h are di erent, so the discrete solutions can not have a uni ed regular expansion. We introduce the idea of an alternating expansion termp (2) to describe this situation:
The functionsp (2) = (p It is clear that two conditions are necessary for alternating modes to appear: the discrete stencil must be uncoupled and the uncoupled grids must \see" di erent discrete boundary conditions. The order at which the discrete boundary conditions di er determines the order at which the alternating error terms appear in the expansion. Alternating terms can also be generated in schemes with uncoupled stencils at junctions between grids through di ering extrapolation.
Let us foreshadow why such an alternating error term can become important. Consider the case where the discrete pressure P has an alternating expansion at order s where the discrete gradient operator G h is based on centered di erences. The operator G h respects the di erent grids, so G h P contributes an alternating expansion of order s to U.
If centered di erencing is used, the approximation of the convective terms respects the uncoupling between the modes and generates an alternating error of order s. However, the viscous term h U does not respect the grids and so generates an alternating term of order s ? 2. In the schemes considered below, this error ampli cation phenomenon can result in a decrease in the accuracy of the pressure but not in velocities. The details are given in Sections 5 and 7.
In several interesting cases an uncoupled grid does not lead to alternating error expansions and a reduction in the pressure accuracy. For periodic boundary conditions, the uncoupled grids do not see di erent boundary conditions and so have the same expansion (hence the accuracy results in 4]). The use of semi-staggered grids leads to a stencil for D h G h that is decoupled. However, the decoupling is in the direction tangential to the boundary and so the grids again \see" the same boundary conditions and so have the same expansions. This is discussed in detail in Section 6.
Higher order discretization -numerical boundary layer
We now turn to a scheme based on a higher order interior discretizatioñ 2 ) is the fourth order, centered nite di erence approximation to second derivatives. The operatorD h 2 has a wide stencil as above, so two discrete boundary conditions are needed. We use the second order conditions (20) and (21) for simplicity, although this will reduce the order of convergence to second order. In practice, fourth order conditions involving either more discrete points or elimination of boundary error terms through the equations would be used.
For this discretization, there is no grid decoupling and alternating expansions can not be present, i.e. (22) (23) Here D is a scalar independent of h and p (2) is a regular expansion term. The last term is called a numerical boundary layer since its real width decreases as the grid is re ned.
There are constants c 1 ; c 2 ; c 3 and c 4 independent of h so that D = c 1 e 1 + c 2 e 2 and p (2) solves the problem d
= 0 (remember the truncation error for the interior equations is of order 4 and so does not appear at second order) with dp (2) dx (0) = c 3 e 1 + c 4 e 2 and appropriate decay at 1. The existance of a < 1 and the constants c i comes from stability arguments for the problem: they are analogous to the GKSO-type stability conditions for discrete boundary conditions for time dependent problems (at the z-transform point z = 1) described in e.g. 22]. The numerical boundary layer appears at third order in (23) due to the factor h in the discrete Neumann conditions (20) and (21).
Numerical boundary layers were considered in 16] for the more complicated case of rst order di usive approximation of quasilinear hyperbolic equations. In that case, the hyperbolic terms and numerical di usion determine the rate of decay . For this problem is determined solely by the higher order terms in the discretization: lower order normal derivative terms, tangential derivative terms in 2D problems and time derivative terms in time-dependent problems are handled by higher order numerical boundary layer e ects. The technical details of how additional numerical boundary layer terms are described can be found in 16].
Summary of error expansions
Developing error expansions is essentially a fancy consistency argument, giving a precise description of the order and type of errors introduced by the nite di erence approximate solution. They have been used in technical arguments to show convergence of computational schemes to nonlinear problems 16, 15, 9] . In this work, careful use of error expansions allows us to identify the order of approximation for velocity and pressure for several nite di erence schemes for incompressible ow.
In the examples above, the error terms were described as solutions of problems of similar type to the original with forcing from derivatives of previous terms in the expansion. The alternating velocity error terms for some regular grid methods are determined in two parts, gradient and divergence free, at di erent levels of h. The details of this interesting case are given after a review of the MAC grid analysis below.
Review of MAC grid analysis and computational results
In this section, we present the details of the asymptotic error analysis for the MAC grid (from 15]) in a cleaner form with notation that can be easily extended to other methods. The analysis is then extended to the time-independent case. A simple time-dependent ow problem is also presented. Computed approximations of this ow are used to verify the predicted error behaviour for the MAC scheme and other schemes discussed in later sections.
Details of the MAC scheme
The MAC grid is a well known staggered grid particularly suited to incompressible ow )=h: This is the \reduced stencil" 1] of the divergence taking into account the homogeneous (or more generally just known) boundary conditions for V .
We consider now the discrete projection operator. In the interior (10) becomes h P = D h A (24) which is a second order approximation of the pressure poisson equation (5) . With the reduced stencil, equation (24) )=h (25) at the boundary, where the components of A are written as (A; B). A similar expression applies at the upper boundary (at y = 1) also. In the remainder of this work, we consider the upper boundary explicitly only when it has a di erent structure than that of the lower boundary.
Since D h and G h are (negative) adjoint in the usual l 2 inner products, the problem for P is solvable up to an arbitrary constant for P (see 15] for a discussion of this point).
We normalize this constant by setting
where N = 1=h.
We can now apply the notation of Section 2 and write P h A = A ? G h P where P is calculated as above. Below, we develop an error expansion for P h and use it to analyze the accuracy of the scheme.
Asymptotic error analysis for the MAC scheme
We will show in this section that for the MAC scheme, the computed pressure and velocity have regular error expansions that begin at second order. Again, this is a di erent presentation of the material in 15] to which we refer the reader for various technical details. Below, we show that P h a has a regular error expansion. Lemma 1 If a is smooth then P h a has a regular error expansion Pa+h 2 a (2) + where a (2) is smooth and determined nonlocally from derivatives of a. Proof: The rst step is to determine the accuracy of the computed \pressure" correction which we denote by Q since a does not include the errors in A. Here, the crucial observation is that (25) is formally equivalent to (24) 
which is a second order approximation of the pressure neumann boundary condition (6) . We can now show that Q has a regular expansion Q = q + h 2 q
+ where q (2) solves a neumann problem with interior data from the second order errors on both sides of (24), with neumann data from the second order error in (27) and with R q (2) chosen to handle the error from the midpoint approximation (26) of (7) We note that the order of Q in the analysis of the discrete projection is not always the order of the computed P.
We can now prove the main theorem:
Theorem 2 If the exact solution u of (3) is smooth and satis es additional compatibility conditions at t = 0 (see 15]) then the computed U and P from the MAC scheme have regular error expansions beginning at second order.
Proof: We consider here the simple case of Stokes ow A = h U for ease of notation. + . The task here is simply to show that this expression will cancel the second order error terms in the discrete equations if u (2) solves a certain problem. The error expression is inserted in (11) using the asymptotic expression for P h derived in the lemma above and terms of like order are shown below:
12 (u xxxx + u yyyy )g + a (2) u] where a (2) u] is the second order discrete projection error term arising from a = u. Here, the tangential boundary conditions for u (2) will be nonzero to describe the error from the re ection condition. We can piece back the terms that contribute to the discrete pressure and show that P = p + h 2 (I ? P)( u (2) ) + h 2 12 (I ? P)(u xxxx + u yyyy ) + h 2 q (2) u] + Here I is the identity operator and so I ? P is the projection onto the gradient subspace. We let I ? P denote the corresponding, normalized scalar function in a subtle abuse of notation. This shows that P also has a regular expansion beginning at second order. 2
The compatibility conditions at t = 0 needed for the rigorous proof of this result are extremely restrictive. In e ect this result can be \proved" only for zero initial data and smooth start-up with a forcing term. However, the accuracy predictions from this analysis agree exactly with computational studies even for incompatible initial data as shown in the computational example below.
A note on stability and convergence
The existence of error expansions that satisfy the discrete equations to high order accuracy can be combined with simple stability estimates to show the convergence of the discrete solutions to the nonlinear time-dependent problem. This was done in 15] for the MAC grid case. The stability of the discrete handling of the incompressibility condition depends on the following discrete adjoint condition satis ed by the MAC grid discretization:
(G h Q; W) = ?(Q; D h W) for all Q and W:
Several of the methods discussed in later sections do satisfy an adjoint condition and simple modi cations of the arguments in 15] can turn the error expansions presented here into convergence proofs for the nonlinear problem. However, this type of stability argument is fairly primitive. Chorin's discretization described in Section 5 and the regularization method of Strikwerde described in Section 8 do not satisfy an adjoint condition and are nontheless stable. The same is true of methods based on curvilinear coordinates and modern higher order methods 13, 23] . A new technique described in 13] has recently been proposed to analyze the stability properties of more general discretizations. 
An example computation
The initial data is given by u(x; y) = 6y(1 ? y) + 16(2y ? 6y This is just a perturbation of Poiseuille ow u = 6y(1 ? y). Viscosity is taken to be 0:01 and the Reynolds number of the ow is about 180 (based on the full width of the channel). Computing this ow is \easy" because at this Reynolds number the ow simply winds down to Poiseuille ow. We use this simple problem to be able to over-resolve the computation to verify the convergence rates for a given method. Standard forth order Runge Kutta (4RK) time stepping is used. With this accurate time stepping there is essentially no temporal discretization error so we can examine the spatial errors only.
Also, since 4RK is explicit, we do not have to solve a coupled system for U and P to have a consistent (i.e. non-split step) approximation in time.
The computational results are shown in Tables 1 and 2 where N := 1=h. Note that the errors at grid level h are the di erences between the computed values at level h and h=2. The convergence rate estimates at level h are based on the computations at levels 2h, h, and h=2. Second order convergence in velocity and pressure is clearly seen.
Note that the initial data is \incompatible" so the solution cannot be completely smooth near t = 0. See 14] for a discussion of compatibility conditions. However, the solutions will be smooth for t > 0 and the asymptotic error behaviour is still observed due to a discrete smoothing process. An analysis of this process is beyond the scope of this work, but see 14] for a discussion of smoothing for nite element approximations.
Incompatibility will reduce the accuracy of the computed pressure at t = 0 for some of the discretizations described below. The solvability of these discrete equations (up to a constant in P) using the MAC discretization is proved in 21].
We construct regular asymptotic expansions for the error as above. The error expansions begin at second order and the rst terms u (2) and p (2) satisfy u (2) ? rp (2) = f (2) r u (2) = g (2) :
Here, f (2) and g (2) are \known" in terms of the exact solution, f
= ? 1 12 (u xxxx + u yyyy ) + 1 6 (p xxx ; p yyy ) g (2) = ? 1 6 (u xxx + v yyy ) and again the tangential boundary conditions of u (2) are determined by error in the re ection conditions and the normalizing constant of p (2) is determined by the error in the midpoint rule approximation of (7). The expansions are easily modi ed to handle convective terms.
The error expansions above can be combined with simple stability estimates to prove convergence to the nonlinear problem as for the unsteady case (using simple modi cations of the arguments in 15]). A convergence proof for steady Stokes ow with reduced smoothness requirements is given in 21].
Regular grids
We now consider approximations based on a regular grid with all quantities at points (ih; jh). For the rst two schemes described below we will consider D h and G h to be based on long centered di erences. Then, regular grid methods based on rst order one-sided D h and G h are discussed.
Chorin's scheme
We use operators D h and G h based on long, centered di erences. In the interior, D h G h = 2h , a ve point stencil based on neighbours two grid points away. This decouples the discrete pressure equations on four subgrids (assuming N is even) and the pressure is normalized separately on the four subgrids (using appropriate midpoint or trapezoidal rule approximations to (7) 
Although this scheme does not obviously satisfy an orthogonality relationship it can be shown 1] that the derived pressure equations are solvable.
We again stress that what we are considering in this paper is the spatial discretization error only. What we call Chorin's method is a time-continuous method with his spatial discretization of D h and G h and does not involve a split-step approximation in time of the divergence free condition.
Asymptotic error analysis
We proceed as above for the MAC grid case and consider the missing stencils in the discrete pressure equation (10) . Again, we use Q to denote the discrete \pressure" in the analysis of the discrete projection P h a. At + wheref denotes a error term that alternates in the vertical direction. To be completely rigorous, Q has an alternating term at second order coming from the di erent second order normalization of constants for the di erent modes, but these di erent constants are not seen by G h . Therefore, we can use the same reasoning as in Section 4.2 to obtain the following lemma Lemma 3 P h a has the following error expansion:
when a is compatible. For incompatible a the error terms of both types will appear at rst order.
Before we can proceed to verify error expansions for the velocity and pressure as in Theorem 2, we need three more technical lemmas. The next two lemmas concern the action of the discrete projection on an alternating term. For this case, we must de ne an alternate continuous projection P on our periodic channel domain. This projection is de ned by P a = a ? r q where r = (@=@x; ?@=@y) and q satis es q = r a (37) q y = ?b:
This process projects a onto the space of divergence-* free elds with homogeneous normal boundary conditions which is orthogonal to gradient-* elds.
Lemma 4 The discrete projection acting on an alternating term gives the following error expansion:
P hâ = P â + hâ (1 ) + ha (1 ) + :
Proof: The operators D h and G h acting on terms that alternate on grids in the vertical direction approximate r and r , respectively, to second order. Therefore, D h G h approximates r r = to second order so (37) generates a second order alternating error. The discrete boundary condition (34) approximates (38) to second order (the alternating term gives rise to the sign change). The discrete boundary condition (35) approximates (38) only to rst order, sinceB is only rst order for alternating terms and in this case we cannot assume compatibility in general. Therefore, error terms are generated at rst order. 2
A re nement of this lemma is given below.
Lemma 5 The discrete projection acting on an alternating gradient-* eld gives the following error expansion:
+ :
whereâ (2 ) is a divergence-* free eld with appropriate boundary conditions. 
:
Using (41) we see thatâ (2 ) is divergence-* free and using (42) Thus alternating terms are ampli ed by two orders by the discrete Laplacian. The e ect of this ampli cation is to cause a reduction in the order of the computed pressure. The details are given in the next theorem. 
Thus we will observe rst order convergence for P and second for U.
Proof: Again we consider the case of Stokes ow with A = h U for brevity of notation.
As before, the analysis of centered di erence approximation of the convective terms leads to the same results. We rst compute the expansion of h U assuming (44) and using (43) 
) where a higher order termû (5) has been added against our normal convention to aid in the explanation of a certain point below. We now insert this expression into the expansions developed for discrete projections above and match terms in (11): O(1) u t = P( u) 12 (u xxxx + u yyyy )g + a (2) u] ? 4a (1 ) û (3) ] (48) O(ĥ 2 ) ?4â 
yy ? 4û (5) g +â (3) u] ? 4â (2 ) û (3) ] (50) where square brackets again denote the source of the appropriate error terms. We divide the alternating error terms into divergence-* free and gradient-* parts:
: Equation (47) now readsû The precise description of the pressure error can be veri ed in computations described below, followed by some remarks on the analysis of the steady state problem.
Computational results
We apply Chorin's discretization described above to the test problem of Section 4.3. Errors and convergence rate estimates are shown in Tables 3 and 4 for velocities and pressure. Here and in later comparisons, we estimate errors by comparing to the discrete MAC solutions of the same h. First order convergence for P and second for U is seen as expected. Let us now test the speci c form of the pressure error expansion predicted in (45) of Theorem 7. We consider the modi ed discrete pressureP wherẽ P i;j = P i;j+1 + 2P i;j + P i;j?1
:
The action of the averaging is to suppress alternating modes andP will have the following error expansionP
(51) i.e. we predict second order convergence. A comparison ofP and the MAC solution is considered in Table 5 . At t = 1 second order convergence forP is seen as predicted but at t = 0 convergence remains at rst order. To explain this behaviour we return to Lemma 3 and note that at t = 0 the incompatible initial data will generate non-alternating errors at rst order. An even closer examination of the structure of the pressure solution at t = 0 by analysis and computation reveals that the pressure solution on even grids converges with rst order and on odd grids with second order.
The cynical reader will question whether the order loss in the discrete pressure predicted by the analysis above and observed in the computations is not merely due to a di erence in normalization of the discrete pressure null modes. In Figure 1 Table 5 : Normalized modi ed pointwise pressure errors (and estimated convergence rates) from Chorin's scheme Figure 1 : The di erence between Chorin and MAC computed pressure at t = 1 with N = 32 N = 32. The theory predicts that this di erence will be O(ĥ) and the spatial structure of the alternating error shown in the gure shows that it is not just due to incorrect normalization.
A note on the steady state problem
When Chorin's discretization is used to approximate the steady Stokes problem (28) and (29) the resulting discrete solutions have error expansions as in the time-dependent case (see Theorem 7) . In this case,û (3) is a gradient-* eld used to correct an anomaly between the homogeneous normal velocity boundary conditions for h and the third order error implied by (32). To be speci c, (32) will agree with the interior formula for divergence ifBV i;0 = 0 whereB is the operator introduced in (35).
In this way we see that the alternating error is introduced at third order because (32) implies a third order error in the boundary conditions of V and (33) implies no error. In this section we consider the modi ed scheme when (32) The resulting D h is actually the negative adjoint to G h in the \trapezoidal rule" inner product (assuming the periodic channel geometry described in section 4):
This is another way to look at the remark in 1] that the resulting system for the pressure is symmetric if the equations at the boundary are multiplied by 1=2. This result guarantees the solvability of the discrete pressure problem and the stability of the pressure term and so the convergence of the discrete solution to the error expansion.
For this scheme, the implied pressure boundary conditions for the two grids di er at second order, not third as for Chorin's discretization. A sequence of lemmas like 3-5 can be proved leading to the following theorem: Thus we will observe second order convergence U; no convergence for P and second order convergence for the modi ed pressureP (see (51)). We omit the details since they are similar to those for the Chorin scheme. Similar error expansions hold for the steady case. Computations shown in Tables 6-8 con rm the predictions.
First order methods
In order to get rid of the alternating modes, we must choose D h and G h so that they do not decouple the grid, i.e. so that they satisfy a discrete regularity property 8]. There are several ways to accomplish this: higher order regularization terms can be added as We consider the regular grid scheme where D h is approximated by forward di erences and G h by backward di erences (considered also in 19]). In this scheme, approximate pressures are required on the upper boundary but not on the lower. An analysis much like that for the MAC scheme shows that this discretization has a regular expansion beginning at rst order. The operators D h and G h obey an adjoint condition in the usual inner product and so convergence can be proved. This is demonstrated in Tables  9 and 10 that show results of this scheme applied to our test problem. We note that D h is the negative adjoint of G h in the usual inner products so the discrete equations (10) are always solvable and the pressure term is stable as discussed above.
Note that D h G h is the diagonal approximation of the Laplacian (in the case here where the grid spacing is the same in both directions) which uncouples values at pressure points ((i + 1=2)h; (j + 1=2)h) depending on the parity of i + j. As before, these two modes are normalized separately using two (second order) approximations of (7). To determine the accuracy properties of this scheme we consider the \missing" elements in the approximation of D h G h P = D h a at the boundary as we did for the MAC grid and Chorin's scheme in the sections above: 
where B and D ? denote backward averaging and backward di erencing, respectively, and a and b are the components of a as before. After ltering through the notation, we see that the rst two terms on either side of equation (54) for compatible data a as discussed in Lemma 3.
We make the following crucial observation: although the KF scheme has an uncoupled stencil for P the two grids \see" the same discrete boundary conditions. Therefore as discussed in Section 3.2 no alternating modes will be present in the expansion of P h a.
We summarize the preceding remarks in the following lemma:
Lemma 9 P h a has a regular error expansion beginning at second order if a is compatible and at rst order otherwise. Table 12 : Normalized pointwise pressure errors (and estimated convergence rates) from the KF scheme.
This result can be used as above to prove the following:
Theorem 10 Assuming compatibility conditions at t = 0, velocity and pressure values computed with the KF scheme have regular error expansions beginning at second order. This result is also true for the steady case.
We approximate the problem from Section 4.3 with the KF grid and compare to the MAC scheme results in Tables 11 and 12 . As expected we see second order convergence for velocity and second order convergence for pressure for t > 0. At t = 0 the pressure convergence is rst order as predicted by Lemma 9. The rst two terms are a second order approximation of the pressure neumann condition at (ih; 0) and the term in the square brackets is O(1) whether the data a is compatible or not. Therefore, the discrete projection operator and the resulting computed pressures and velocities have a regular expansion beginning at second order for compatible initial data following the reasoning in the preceding sections. In this case, we predict convergence in P of second order even at t = 0. This is observed in test computations on our model problem.
Again we note that our analysis and computations apply only to centered di erence approximations of the convective terms and non-split-step pressure approximation. Thus the analysis here shows the structure of the spatial discretization of the incompressibility condition, but not the structure from the projection step and careful handling of the convective terms actually used by BCG in their scheme.
A fully centered scheme
We turn now to a cell centered scheme where all unknowns are at the points (ih; (j + 
Here, (55) incorporates the re ection boundary conditions for V and (56) is actually inconsistent, as noted in 7] where this scheme was proposed. In 7] it is also shown that this discretization satis es an orthogonality condition, so again the asymptotic error results proven below can be turned into convergence results in the usual way. The missing stencils generated in this discretization are B y D h 1y P i+1=2;1=2 = B y B i+1=2;1=2
(57) P i+1=2;1=2 = P i+1=2;?1=2 :
Condition (57) is a second order approximation of the pressure Neumann condition at ((i + 1=2)h; 0) and (58) is accurate to rst order (as noted in 7]). It is shown below that the computed pressure has an expansion beginning at rst order alternating terms and the velocity is second order. The analysis is di erent enough from the preceding cases that it is sketched out below. We prove the usual sequence of lemmas:
Lemma 11 The discrete projection acting on regular terms has the following expansion: P h a = Pa + hâ
Proof: When a general regular and alternating error expansion for Q is inserted into (57) and (58) the even order alternating and the odd order regular terms drop out. Equation (57) At this stage, it would be natural to assume that U had an error expansion starting at rst order alternating terms and so the computed P would have O(h ?1 ) errors (!) due to the ampli cation phenomenon discussed in Section 5. However, a subtle e ect pushes the alternating error in U to third order.
We proceed as in Section 5.1 and consider the action of the discrete projection on alternating terms. We must again de ne a modi ed continuous projection P This process projects a onto the subspace of divergence-* free elds with no requirement on normal boundary conditions. We make the distinction from the previous case P in the analysis of Chorin's discretization and call these divergence-0 free functions, which are orthogonal to gradient-* elds that are zero on the boundary (which we call gradient-0 elds). We can now state the next lemma:
Lemma 12 The discrete projection acting on an alternating term has the following expansion:
P hâ = P 0â + ha (1 ) + h 2â (2 ) + :
If a is a gradient-0 eld, then P hâ = h 2â (2 ) + h 3 a
+ (60) whereâ (2 ) is divergence-0 free.
Proof: As in the previous lemma we plug in general expansions and see that only odd order regular and even order alternating terms survive. It can be shown that the expansion for the corresponding scalar Q is Q =q + hq (1 ) + h 2q (2 ) + where the equations and boundary conditions for the various terms are shown below. Thus Q has the desired expansion and so (59) is proven. Letâ be a gradient-0 eld. Then r q =â and so q (1 ) has homogeneous boundary conditions and interior equation so q (1 ) 0. Also,â
is gradient-0 free using the argument in Lemma 5 (note thatâ (2 ) does not satisfy homogeneous normal boundary conditions but this is not necessary). This proves (60). 2
We are now in a position to prove the error expansion result for this method. Proof: Again we consider the case of Stokes ow with A = h U for brevity of notation.
We proceed as in the proof of Theorem 7 and divide the alternating error terms into divergence-0 free and gradient-0 parts:
Again following the steps of Theorem 7 we arrive at equations for the various terms.
The only signi cantly di erent term is at O(ĥ) d :
? 4û d (3) = r q (1) : (62) At rst, this equation makes no sense since we are using a divergence free eld to describe a gradient eld. However, from (61) we see that r q (1) is divergence free and the extra freedom in the boundary conditions in the divergence-0 free space makes (62) a valid expression. Thus we see that the ampli ed terms are used to kill o the rst order error in the projection. This proves the error expansion for U and the error expansion for P can be pieced together as before. 2.
Numerical computations on our simple test problem verify the predictions of the theorem.
A regularization technique
In Section 5 on standard regular grid methods we showed the precise e ects of grid decoupling or loss of discrete regularity in the approximation of the incompressibility condition. That an uncoupled approximation has undesirable properties was well known and modi ed or \regularized" schemes were introduced to suppress oscillations in the computed pressure. One such scheme was proposed by Strikwerde 21] who has recently extended his ideas to higher order methods 23].
We present the regularization method of Strikwerde and its error expansion below. In this case, error terms from the discrete projection are suppressed by the presence of the viscous terms rather than ampli ed as in the case of the alternating error terms described in Section 5. The nature of the expansion is veri ed in careful computational comparisons.
The discretization
We describe here the discretization of D h and G h proposed by Strikwerde 21] . The approximations of U and P are based on a regular grid and third order approximations At this point we note that the problem for the pressure (10) is not solvable as written.
The discrete operator D h G h has a one dimensional null space spanned by the constant vector 1. We choose the scalar so that the modi ed problem D h G h P = D h A + 1 is solvable. This is the technique proposed in 21] and results in a velocity eld that has a discrete divergence that is constant in space but not zero. A unique, appropriate exists assuming 1 is not orthogonal to the null vector of the adjoint of D h G h (which is found to be true computationally for many test geometries such as the simple one described in this paper and others described in 21]). For the full problem, will also have a scalar error expansion, and the order at which it begins corresponds to the rst regular term in the error expansion of the discrete projection that leads to an insoluble Neumann problem. The actual order is quite high (greater than 5 predicted from the test computations below) and so we neglect the tedious chore of isolating it analytically and forget this term in the error analysis below.
The error expansion
As usual, we begin by proving a result about the discrete projection. We name the following nonzero constants for later use: 
The last four terms are numerical boundary layers at the top (N ? j) and bottom (j) boundaries and as usual we only explicitly consider the highest order terms of each type.
P h a has the following error expansion:
? h 
Equations (72) In Section 5 alternating modes generated in the projection process were ampli ed by the di usive term. In this case, numerical boundary layers that develop in the velocity can improve the accuracy of the pressure. We give some preliminary lemmas below. As above, we concentrate on the boundary layers in the vertical component. is discretely divergence free but the boundary conditions do not match (this is corrected by q (2) ). A di erent result applies to the boundary layer on the bottom wall which we state below. The proof is straight forward. Therefore the boundary layer is eliminated by the projection.
We can now prove the main error expansion result for the regularization method. The boundary layers for the vertical components are shown explicitly and horizontal boundary layers are discussed afterwards. Table 14 : Normalized pointwise pressure errors (and estimated convergence rates) from Strikwerde's regularization scheme it is killed by the discrete projection (see Lemma 16) . The boundary layer terms for the pressure are 
Computational veri cation
Second order convergence of U and P to the MAC solutions is veri ed for our test computation as shown in Tables 13 and 14 . For these tests, a pseudospectral approximation for the horizontal derivatives in D h and G h was used (this does not change the predictions of Theorem 17). While it is easly to identify the convergence order, it is di cult to verify exactly the structure of the error expansion derived above. With care, some precise predictions can be veri ed. We compare U and P computed with the original scheme described above to values computed with a scheme that has only second order extrapolation at the bottom boundary only. That is, we replace (65) by Q 0 ? 2Q 1 + Q 2 = 0. This reduces the order at which the boundary layer j g1 appears to second order but has no that is, a pure numerical boundary layer with negative constant g1 . This is veri ed in Figure 2 .
Lowering the order of pressure extrapolation at the top boundary changes the order at which both is suppressed to third order because of the matching of the velocity and pressure boundary layers as described above. The global nature of the error expansion is shown in Figure 3 .
Discussion
The author's original intention in this work was to nd an easy way to show the stability and identify the accuracy in computed velocity and pressure for a given scheme, i.e. a given D h and G h . The work became essentially a catalog of analyses for di erent schemes. Considering the complexity of structure in the cases considered, especially for the cases with alternating modes, it is possible that there is no uni ed approach, although the local stability analysis described in 13] may be a valuable tool in this direction.
An interesting question is how close this rather idealized analysis is to the phenomena seen in real computations. We consider the alternating analysis for an uncoupled spatial discretization of D h and G h . The reduction in pressure order in this case discussed in Section 5 is caused essentially by an ampli ed higher order error term. This type of term will be disrupted by upwinding (the higher order error terms can be discontinuous in this case) and by domain corners (where the solution may be bounded but higher derivatives are singular). Also, many methods are based on a split-step or projection approach to handling the incompressibility condition which adds more structure to the error expansion 10]. However, alternating terms are still present in these \real" computations that qualitatively a ect the pressure but not the velocity and that can be suppressed by regularizing techniques 24] . The analysis in this paper provides a rigorous way to see why this is true in a simpli ed setting.
